Abstract In order to move the polar singularity of arbitrary spherical harmonic expansion to a point on the equator, we rotate the expansion around the y-axis by 90 • such that the x-axis becomes a new pole. The expansion coefficients are transformed by multiplying a special value of Wigner D-matrix and a normalization factor. The transformation matrix is unchanged whether the coefficients are 4π fully normalized or Schmidt quasi-normalized. The matrix is recursively computed by the so-called X-number formulation (Fukushima in J Geodesy 86: 271-285, 2012a). As an example, we obtained 2190×2190 coefficients of the rectangular rotated spherical harmonic expansion of EGM2008. A proper combination of the original and the rotated expansions will be useful in (i) integrating the polar orbits of artificial satellites precisely and (ii) synthesizing/analyzing the gravitational/geomagnetic potentials and their derivatives accurately in the high latitude regions including the arctic and antarctic area.
Introduction

Difficulties in computing spherical harmonic expansion of high degree/order
The spherical harmonic expansion is a daily tool in geodesy and geophysics (Heiskanen and Moritz 1967; Stacey and Davis 2008) . Although its theory is completed (Hobson 1931) , the numerical computation of actual expansions had been suffering with problems due to the underflow and/or overflow in evaluating associated Legendre functions (ALF) of degree/order higher than 2700 or so (Jekeli et al. 2007 ). This problem was definitively resolved by an extended range arithmetic named the X-number formulation (Fukushima 2012a (Fukushima , b, 2014 . Indeed, the formulation has enabled an analysis of the gravity field of an extremely high degree/order as 46,080 (Rexer and Hirt 2015a) . However, there still remains a difficulty: the precision degrade near the pole. This is prominent in the numerical computation of not only (i) the point values of ALFs (Fukushima 2012a, Figs. 1, 2 , and 4) but also (ii) their first-, second-, and third-order derivatives (Fukushima 2012b, Figs. 4-11) as well as (iii) their integrals (Fukushima 2014, Figs. 1 and 5) . Refer to Fig. 1 of Rexer and Hirt (2015a) showing the relative error of the identity relation to be satisfied by the 4π fully normalized ALF (fnALF) computed for the case of a fairly high degree, 46,080.
In order to examine the computational error of the fnALF more accurately and thoroughly, we compared the results of their double and quadruple precision computation. More specifically speaking, we measured the errors as the difference between (i) the point values of fnALFs computed by the double precision X-number formulation and (ii) those by the quadruple precision X-number one (Fukushima 2012a Obviously, if N increases, then the maximum errors of fnALF significantly increase accordingly as θ decreases. Indeed, the precision loss amounts to 9 digits in the case when N = 2 17 = 131, 072. It happens when θ ≈ 40 , or more rigorously speaking, in the interval, 20 < θ < 80 . This critical value seems to coincide with 4 √ 24ε D , the angle when the approximation error of cos θ by a quadratic polynomial is equal to ε D , the double precision machine epsilon. In fact, the angle amounts to ≈ 46.9 because ε D ≡ 2 −53 ≈ 1.11 × 10 −16 . An apparent independency of the observed critical angle with the maximum order N casts a doubt about the origin of the observed precision degrade and the internal approximation formula of the trigonometric functions adopted in the standard mathematical library.
At any rate, the critical angle roughly corresponds to the scale of 1 km on the Earth's surface. The observed precision loss will be intolerably large when N further increases, say N = 648, 000 to guarantee the resolution of 1 arcsecond. This may not be acceptable for the spherical harmonic synthesis/analysis of various geophysical quantities in the polar region when the degree/order is extremely high. For instance, Hirt et al. (2016) recently presented such a solution for the gravity potential by combining the Bedmap2 (Fretwell et al. 2013) , the topography/ice thickness/bedrock data in the antarctic region, with the satellite gravimetry data so as to produce an accurate degree-2190 global gravity model. Actually, their work was a strong trigger for us to consider the problem of polar singularity.
Of course, a possible solution is the X-number formulation using the quadruple precision floating point numbers as the mantissa (Fukushima 2012a, Appendix A) . In fact, we prepared Fig. 1 by the comparison with this quadruple precision X-number formulation. Through a random spot check with the 10,000 digits computation by Mathematica (Wolfram 2003) , we confirmed that its accuracy is around 16 digits higher than shown here. Nevertheless, the quadruple precision computation is significantly time-consuming; say demanding 40-80 times more CPU time than the double precision computation (Wittwer et al. 2008 ).
Polar singularity in the spherical coordinate system
Even if the spherical harmonic expansions are correctly computed, there remains an essential problem: the singularity in its utilization at the pole. This is a mathematical issue and unavoidable as long as the function is expanded in the spherical polar coordinates.
For example, the partial derivatives of the function along the longitude direction contain an integer power of the sine of the colatitude as a small divisor. This will cause a serious trouble not only in analyzing the observational data covering the arctic and/or antarctic regions but also in integrating the orbits of artificial satellites when they pass over the polar region.
Let us show a simple example of such inappropriateness for the deflection of the vertical (Heiskanen and Moritz 1967, section 2-13) . The standard formula (Heiskanen and Moritz 1967, equation (2-140) ) provides ξ and η, the north-south and east-west components of the deflection, respectively, as
where Φ and Λ are the so-called astronomical latitude and longitude, respectively, while φ ≡ π/2 − θ is the latitude. We should recall that these are not rigorous but approximate formulas obtained under some assumptions such as (i) the ignorance of the difference in the points of the evaluation/computation of two kinds of angular coordinates or (ii) the smallness of the magnitude of the deviations, Φ − φ and Λ − λ. Near the polar region, the latter assumption on the magnitude of Λ − λ becomes inadequate. This is easily seen from the fact that cos φ = sin θ can be extremely small while η must remain finite. Nevertheless, this assumption becomes reasonable in the equatorial area where cos φ ≈ 1.
Also, due to the trial-and-correct nature of most of the existing numerical integrators, the possibility of mathematical singularities in the force calculation part must be reduced as much as possible. This is because, if not, some physical and/or computational perturbations may deviate the trial orbits during the integration process so significantly that there is a chance that the deviations grow by the singularities. A well-known example is the singularity of zero radius, r = 0. In order to avoid this inconvenience, the regularization of the orbit is still being investigated (Fukushima 2007a, b) .
Rotation of spherical harmonic expansion
In order to resolve the issues reviewed in the previous subsection, we follow a lesson on the rectangular rotation of orbital and rotational elements (Fukushima 1994) . Namely, we shift a problematic polar region to somewhere in the safer equatorial area by rotating the given spherical harmonic expansion by 90 • .
If the rotation is successfully executed, a proper combination of the original and the rotated expansions will assure the accurate harmonic expansion computation all over the spherical surface by using the existing software. Once the rotated spherical harmonic expansion is obtained, this trick requires only a minimal modification of the standard procedures of the spherical harmonic synthesis/analysis: a conditional switch of the variable transformations before and/or after the computation of the spherical harmonic expansion, which costs a negligible increase in the total CPU time. Now, the rotation of the spherical harmonics itself is a classic problem from the early days of quantum physics (Edmonds 1957; Biedenharn and Louck 1981) . Typically, the rotation operation is conducted by utilizing Wigner Dmatrix (Wigner 1931, chapter 15 ) although a few different approaches have been proposed (Wagner 1983; Goad 1987; Lessig et al. 2012; Aubert 2013) . The key component of the matrix is a special function denoted by Wigner d-function (Wigner 1931, equation (15.27) ).
Usually, the d-function and its modification named the inclination function being popular in celestial mechanics (Kaula 1961; Izsak 1964; Kaula 1966 ) are computed by recurrence formulas (Gooding 1971; Goldstein 1984; Sneeuw 1992; Ivanic and Ruedenberg 1996; Risbo 1996; Blanco et al. 1997; Masters and Richards-Dinger 1998; Choi et al. 1999; Dachsel 2006; Pinchon and Hoggan 2007; Wagner 2008, 2010; Kostelec and Rockmore 2008; Tajima 2015; Feng et al. 2015; Gumerov and Duraiswami 2015) .
For example, SHTOOLS (Wieczorek et al. 2016 ), a popular software package to handle the spherical harmonic expansions, includes a few programs to rotate the given spherical harmonic expansion. Its core subprograms evaluate the d-function by a combination of increasing-/decreasingorder recurrence formulas for the complex-valued spherical harmonics based on the method of Masters and RichardsDinger (1998) .
However, none of the existing methods are sufficiently reliable if the degree/orders are greater than a few hundreds (Gimbutas and Greengard 2009) . Unfortunately, even the latest version of SHTOOLS is no exception. This is mainly because of the precision loss during the recursion. The situation is exactly the same as once faced in the computation of ALF before the rise of the X-number formulation. This is no wonder since the d-function is a natural extension of the fnALF (Edmonds 1957) 
Methods
Surface spherical harmonic expansions
Assume that a function defined on the unit spherical surface, W (θ, λ), is represented by a truncated expansion of the realvalued surface spherical harmonics as
where (i) N is the maximum degree, (ii) C nm and S nm are expansion coefficients, and (iii) U nm (θ, λ) and V nm (θ, λ) are the 4π fully normalized real-valued surface spherical harmonics of degree n and order m, which are defined as
Here (i) P nm (t) is the 4π fully normalized associated Legendre function (fnALF) of degree n, order m, and argument t (Heiskanen and Moritz 1967 equation (1-77) ) defined as Shown are some values of E nkm ≡ d nkm (π/2) computed by the X-number formulation in the quadruple precision environment. We fixed the orders k and m as k = 1024 and m = 512 and set the degree n as a power of 2 as n = 2 j while increasing the power index j as j = 11, 12, . . . , 30. The underlined figures show the correct digits confirmed by the 10,000 digits computation using Mathematica (Wolfram 2003) up to the degree 2 20 = 1, 048, 576. Beyond that limit, we could not obtain the reference values by Mathematica within a reasonable amount of CPU time. The last column shows the error of the double precision X-number computation measured as the difference from the result of the quadruple precision X-number computation Do[{n=2ˆj; Print[j, ", ", n, ", ", N[WignerD[{n, k, m}, 0, Pi/2, 0] ,40]}, {j,11,20}] This is in order to prepare the reference values for examining the accuracy of the quadruple precision computation by the new method listed in Table 1 . The sequence prints out the first 40 digits of E nkm while resetting the available digits for the internal computation as large as 10,000. This was necessary to overcome the cancellation problem faced in the evaluation of the series expansion of the function
(ii) δ jk is Kronecker's delta, and (iii) P nm (t) is the unnormalized associated Legendre function (ALF) of degree n, order m, and argument t (Heiskanen and Moritz 1967, equation (1-57) ) defined as
such that the Condon-Shortley phase factor (Condon and Shortley 1953) , (−1) m , is not introduced (Fukushima 2012a, footnote, p. 272) in its definition as
Rectangular rotation of surface spherical harmonics
Consider the coordinate rotation around the y-axis by 90 • . As implicitly shown in Wigner (1931, chapter 15) , not the xbut the y-axis was chosen as the axis of the rotation such that Wigner d-function, the key component of the transformation formula, becomes real-valued. Denote the pairs of the colatitude and the longitude before and after the rotation by (θ, λ) and θ , λ , respectively. They are implicitly related to each other as ⎛
such that their mutual transformations are explicitly written as
where atan2(y, x) is the two-argument arctangent function returning arctan(y/x) while properly taking the signs of x and y into account. Associated with this coordinate rotation, W is expressed in terms of θ , λ as
Since (i) the coordinate rotation does not change the value of the scalar function, and (ii) a set of the surface spherical harmonics is a complete orthogonal set of the basis functions over the unit spherical surface, we may assume that W θ , λ is also expressed by a similar truncated expansion as
where C nk and S nk are the new expansion coefficients. In order to determine the transformation from the original to the new expansion coefficients, we first consider the rotation of the surface spherical harmonics. More specifically speaking, we seek for the transformation from the spherical harmonics with the rotated angular coordinates, θ , λ , to those of the original ones, (θ, λ) . Clarified later will be the reason why we seek for the transformation from the spherical harmonics after the rotation to those before the rotation.
At any rate, the transformation formula is obtained by simplifying Aubert's general formula, namely the formula for arbitrary value of the rotation angle around the y-axis (Aubert 2013 equation (23)). In fact, by setting the angle in the general formula as 90 • , we derive the special formula as
where (i) J nkm and K nkm are the normalization factors obtained by simplifying the general results (Aubert 2013, equation (95) ) and expressed as
and (ii) E nkm is an elementary value of Wigner d-function (Edmonds 1957) defined as
The standard notation of the d-function is d
km (θ ) (Edmonds 1957) . However, we changed it as d nkm so as to avoid the possible confusion of n with the differentiation order.
Notice that the transformation formulas, Eqs. (15) and (16), can be regarded as the transformation formula of the first-order partial derivatives of the function with respect to the spherical harmonic coefficients as
This interpretation is beneficial in conducting the spherical harmonic analysis using the rotated spherical harmonic expansion. Indeed, one can evaluate the partial derivatives with respect to the original spherical harmonic coefficients by means of those with respect to the rotated spherical harmonic coefficients, the latter of which is easily obtained by the existing approach once the spherical harmonic coefficients are successfully rotated as will be illustrated in the next subsection.
Originally, Aubert (2013) derived the general formula for the Schmidt quasi-normalized ALF (Winch et al. 2005) defined aŝ
The quasi-normalized ALF is the same as fnALF except the degree-dependent factor, √ 2n + 1. The existence of the factor does not alter the same-degree linear relation. Therefore, Eqs. (15) and (16) are valid even when the spherical harmonics are defined by the fnALF as conventionally done in geodesy (Heiskanen and Moritz 1967) .
Rectangular rotation of spherical harmonic coefficients
Substitute the transformation formulas of the surface spherical harmonics, Eqs. (15) and (16), into the identity relation of W , Eq. (13). Compare the corresponding terms of the surface harmonics of the same degree and order with respect to the new angular coordinates while noting the complete orthogonality of the surface spherical harmonics with respect to degree/order. Then, we obtain formulas relating the spherical harmonic coefficients in a dual form as
This result is not found in the existing literature. A similar but significantly simpler relation is known for the complexvalued spherical harmonic coefficients (Alvarez Coladdo et al. 1989 ).
The transformation formula of the spherical harmonics, Eqs. (15) and (16), is unchanged whether they are 4π fully normalized or Schmidt quasi-normalized. Therefore, those of the spherical harmonic coefficients, Eqs. (23) and (24), are also valid for the geomagnetic harmonic coefficients following the Schmidt quasi-normalization (Thebault 2015).
The above formulas are written in a form representing the coefficients after the rotation as functions of those before the rotation. This is the reason why we sought for the relations of the surface spherical harmonics with the angular coordinates before the rotation as functions of those with the angular coordinates after the rotation.
One may think that the factors, J nkm and/or K nkm , can be embedded in E nkm since J nkm = 0 if K nkm = 0 and vice versa. Nevertheless, such an approach (Aubert 2013 ) results a more complicated scheme to compute the merged quantities than that of E nkm , which will be shown in the next subsection. Also, the explicit evaluation of J nkm and/or K nkm can be omitted by decomposing the transformation formulas as will be discussed later.
In any case, the conversion procedures of C nm and S nm are completely separated. This fact greatly simplifies the actual transformation process as will be seen later. This is the reason why we followed Wigner's convention to rotate the coordinates around not the x-axis but the y-axis (Wigner 1931) .
Recursive computation of E nkm
The Mathematica is capable to compute Wigner D-matrix, and therefore, Wigner d-function as its special case, too (Wolfram 2003) . However, its computational speed is significantly slow. Therefore, we present a self-contained procedure to compute them below.
Before going further, we notice a symmetry relation of the d-functions (Edmonds 1957, equation (4.2.6) ). It is translated in the present case, where the degree/orders are nonnegative integers, as
Thus, the problem is reduced to the computation of E nkm when k ≥ m. Using a recursive formulation to compute the d-functions (Kostelec and Rockmore 2008, equation (4.5) and (4.6)), we obtain a stable set of increasing-degree fixed-orders recurrence formulas to compute E nkm as
Here G km , a nkm , and b nkm are numerical constants defined as
and a km is a special value of a nkm defined as
As for the generating matrix G km , we recursively evaluate it as
These formulas are similar to those computing the fnALF (Fukushima 2012a, Section 2) . This is no wonder if noting a fact that the d-function is a natural generalization of the fnALF in the sense that
which is easily derived from the special relation between the d-function and the unnormalized ALF (Edmonds 1957, equation (4.1.24) ).
Decomposition of transformation formula
In order to omit the direct evaluation of J nkm and K nkm in the actual programs, we rewrite them in more explicit forms as
By using these expressions and the symmetry relation of E nkm , Eq. (25), we decompose the transformation formulas, Eqs. (23) and (24), into a more specific form utilizing only the values of E nkm with the degree and orders satisfying the condition, 0 ≤ m ≤ k ≤ n. Namely, (i-a) if the degree n is even and the new order k is zero, then
(i-b) else if n is even and k is odd, then
(i-c) else if n is even and k is positive and even, then
(ii-a) else if n is odd and k = 0, then
(ii-b) else if n is odd and k is odd, then (46) and (ii-c) if n is odd and k is positive and even, then
Application of X-number formulation to recursive computation of E nkm
When n is sufficiently large, say n > 1023, the recursive computation of E nkm described in the previous subsection suffers from the underflow problems, especially in the preparation of G mm . This is understandable if recalling the fact that the d-function is a generalization of the fnALF as shown in Eq. (36). In order to resolve this issue, we execute the recursions by the X-number formulation (Fukushima 2012a) . In short, an X-number is a pair of (i) a double or quadruple precision floating point number x and (ii) a 32-or 64-bit integer i X . The pair is intended to represent a virtual floating point number with a wide range of the exponent as
Here B is an integer power of 2 such as B = 2 960 and B = 2 16000 in the double and quadruple precision environment, respectively (Fukushima 2012a, Appendix A) . In contrast to the X-number, we call the ordinary double or quadruple precision floating point number an F-number. More specifically speaking, we (i) regard E nkm and G km as X-numbers, (ii) treat a km , a nkm , and b nkm as F-numbers, (iii) use xnorm in (iii-a) transforming an F-number into the corresponding X-number in Eq. (33), and (iii-b) multiplying an F-number to an X-number in Eqs. (34) and (35), (iv) employ xlsum2 in computing a two-term linear sum of X-numbers with F-number coefficients in Eq. (28), and (v) utilize x2f in translating the computed X-numbers E nkm back into the corresponding F-numbers. Here the double precision implementations of Fortran function/subroutines denoted by x2f, xnorm, and xlsum2 are found in the literature (Fukushima 2012a, Tables 6-8) . Their quadruple precision versions, qx2f, qxnorm, and qxlsum2, are provided in Tables 3, 4 , and 5, respectively.
Implementation
The X-number computation outlined in the previous subsection was implemented in Fortran subroutines xcale and xrotsh listed in Tables 6, 7 , and 8, respectively.
The former program, xcale, returns E nkm when n is specified as an X-number matrix with indices k and m sat- Table 3 Fortran function to transform a quadruple precision X-number to corresponding quadruple precision F-number real*16 function qx2f(x,ix) integer*8 IND,ix; real*16 x,BIG,BIGI,BIGS,BIGSI parameter (IND=16000,BIG=2.q0**IND,BIGI=2.q0**(-IND)) parameter (BIGS=2.q0**(IND/2),BIGSI=2.q0**(-IND/2)) if(ix.eq.0) then qx2f=x elseif(x.eq.0.q0) then qx2f=x elseif(ix.eq.-1.and.abs(x).ge.BIGS) then qx2f=x*BIGI elseif(ix.eq.1.and.abs(x).le.BIGSI) then qx2f=x*BIG elseif(ix.lt.0) then qx2f=0.q0 elseif(x.lt.0.q0) then qx2f=-BIG else qx2f=BIG endif return; end The order of the arguments of the subroutine was modified so as to realize a better alignment of words isfying the condition, 0 ≤ m ≤ k ≤ n. It assumes that the previous values of the X-number matrix, E n−1,km and E n−2,km , are externally provided. When n = 0 or n = 1, the program creates E nkm by itself without referring one of the previous values. As a result, xcale is self-contained if it is sequentially called by increasing n one by one from zero (Tables 7 and 8) .
Meanwhile, the latter program, xrotsh, rotates the given spherical harmonic coefficients by utilizing xcale while increasing the degree n one by one from zero. Notice that NX, the size of the coefficient arrays and some working matrices, must be declared explicitly in both the programs. In these implementations, NX was tentatively set as NX = 2200 in order to deal with the EGM2008 geopotential, which contains a coefficient matrix of the size, 2160 × 2190.
Experiments
Validation of algorithm
Let us confirm the correctness of the formulas presented in the previous section by utilizing the Mathematica (Wolfram 2003) .
First, in Table 9 , we prepared a sequence of Mathematica commands to validate the transformation formulas of Table 6 Fortran subroutine to return E nkm as (xen, ien), a double precision X-number matrix with the orders, k and m, as its matrix indices when the degree n is fixed subroutine xcale(n,xen,xenm1,xenm2,ien,ienm1,ienm2) integer NX; parameter (NX=2200) real*8 xen(0:NX,0:NX),xenm1(0:NX,0:NX),xenm2(0:NX,0:NX),fb,fa,g,g1,h,u,r1,a,b,x2f integer ien(0:NX,0:NX),ienm1(0:NX,0:NX),ienm2(0:NX,0:NX),n,k,npk,nmk,m,npm,nmm if(n.eq.0) then xen(n,n)=1.d0;ien(n,n)=0;return else xen(n,n)=0.5d0*xenm1(n-1,n-1);ien(n,m)=ienm1(n-1,n-1);call xnorm(xen(k,m),ien(k,m)) endif k=n;h=dble(n)*dble(2*n-1)*0.5d0 do m=0,k-1 a=sqrt(h/(dble(n+m)*dble(n-m))) xen(k,m)=a*xenm1(k-1,m);ien(k,m)=ienm1(k-1,m);call xnorm(xen(k,m),ien(k,m)) enddo k=n-1;h=dble(2*k+1) do m=0,k a=dble(m)*sqrt(h/(dble(n+m)*dble(n-m))) xen(k,m)=-a*xenm1(k,m);ien(k,m)=ienm1(k,m);call xnorm(xen(k,m),ien(k,m)) enddo if(n.eq.1) return fb=1.d0+1.d0/dble(n-1);fa=1.d0+fb do k=0,n-2 npk=n+k;nmk=n-k;g=dble(npk)*dble(nmk);g1=dble(npk-1)*dble(nmk-1);h=dble(k)*fa do m=0,k npm=n+m;nmm=n-m;u=1.d0/sqrt(g*dble(npm)*dble(nmm)) r1=sqrt(g1*dble(npm-1)*dble(nmm-1));a=h*dble(m)*u;b=fb*r1*u call xlsum2 (-a,xenm1(k,m) 
The computation of E nkm is restricted to the case 0 ≤ m ≤ k ≤ n. We assume that (i) n ≥ 0 and (ii) externally available are (xenm1, ienm1), X-number matrix representing E n−1,km when n ≥ 1, and (xenm2, ienm2), the similar matrix for E n−2,km when n ≥ 2. The subroutine calls x2f, xnorm, and xlsum2, the Fortran function/subroutines of X-number manipulations (Fukushima 2012a) . Notice that the order of the arguments of xlsum2 used here is modified from the original version (Fukushima 2012a, Table 8 ) for a better alignment of the variables in the memory the real-valued surface spherical harmonics, Eqs. (15) and (16), by using the angular coordinates relation, Eq. (8). The sequence plots the differences between the both sides of the formulas, for several tens of pair of n and m, as twodimensional curved surfaces with respect to θ and λ , which are denoted by xp and yp in the sequence. All the obtained results were practically zero in the sense that the differences are of the order of the double precision machine epsilon. This means the numerical correctness of the formulas at least for degrees and orders up to 10.
It may sound that the formulas are confirmed only for low degree/orders. However, this restriction is practically caused by the slowness of Mathematica. In general, we empirically know that if a certain literal formula with integers as discrete parameters was proven to be correct for sufficiently large, say several tens or hundreds, number of combinations of the parameters, it is very unlikely that the formula breaks down for some large parameters.
Indeed, if the formula is incorrect, its inaccuracy immediately appears even for small values of parameters, say n = 2 and m = 1 or so. Rather, a pitfall is frequently hidden in the boundary cases when the degree, the order, and/or the colatitude takes a special value as n = 0 or 1, m = 0 or 1, n − m = 0 or 1, and θ = 0, 90 • , or 180 • . This is the reason why the confirmation must be conducted for not a set of randomly chosen cases but a complete set of parameters even if the maximum degree/order is not so high.
Next, a command sequence listed in Table 10 implicitly checked the transformation formulas of the spherical harmonic coefficients, Eqs. (23) and (24). We adopt a set of model coefficients,
After multiplying a scale factor of 4.23 × 10 −4 , the order average of their squared sum approximates the latest degree variance model of the gravity strengths at the Earth's surface (Rexer and Hirt 2015b, equation (29) ). At any rate, the sequence draws a two-dimensional surface curve of the difference in the function value, subroutine xrotsh(nmax,c0old,cold,sold,c0new,cnew,snew) integer NX; real*8 ROOT2; parameter (NX=2200,ROOT2=1.4142135623730950d0) real*8 c0old(0:NX),cold(NX,NX),sold(NX,NX),c0new(0:NX),cnew(NX,NX),snew(NX,NX) real*8 en(0:NX,0:NX),xen(0:NX,0:NX),xenm1(0:NX,0:NX),xenm2(0:NX,0:NX),c,s,x2f integer ien(0:NX,0:NX),ienm1(0:NX,0:NX),ienm2(0:NX,0:NX),nmax,n,k,m do n=0,nmax call xcale(n,xen,xenm1,xenm2,ien,ienm1,ienm2) do k=0,n do m=0,k
s=s+en(m,k)*sold(n,m) enddo do m=k-1,2,-2 s=s-en(k,m)*sold(n,m) enddo snew(n,k)=s*2.d0 enddo do k=2,n,2 c=0.d0 do m=n,k+2,-2 c=c+en(m,k)*cold(n,m) enddo do m=k,2,-2 c=c+en(k,m)*cold(n,m) enddo cnew(n,k)=c*2.d0+en(k,0)*c0old(n)*ROOT2 s=0.d0 do m=n-1,k+1,-2 s=s+en(m,k)*sold(n,m) enddo do m=k-1,0,-2 s=s-en(k,m)*sold(n,m) enddo snew(n,k)=s*2.d0 enddo else
The coefficients before the rotation are denoted by c0old(n) = C n0 , cold(n, m) = C nm , and sold(n, m) = S nm . Meanwhile, those after the rotation are denoted by c0new(n) = C n0 , cnew(n, k) = C nk , and snew(n, k) = S nk . The subroutine calls xcale listed in Table 6 and x2f, a function to transform X-number to F-number (Fukushima 2012a) c=0.d0 do m=n,1,-2 c=c+en(m,0)*cold(n,m) enddo c0new(n)=c*ROOT2 do k=1,n,2 c=0.d0 do m=n-1,k+1,-2 c=c+en(m,k)*cold(n,m) enddo do m=k-1,2,-2 c=c-en(k,m)*cold(n,m) enddo cnew(n,k)=c*2.d0-en(k,0)*c0old(n)*ROOT2 s=0.d0 do m=n,k+2,-2 s=s+en(m,k)*sold(n,m) enddo do m=k,1,-2 s=s+en(k,m)*sold(n,m) enddo snew(n,k)=s*2.d0 enddo do k=2,n,2 c=0.d0 do m=n,k+2,-2 c=c+en(m,k)*cold(n,m) enddo do m=k,2,-2 c=c+en(k,m)*cold(n,m) enddo cnew(n,k)=c*2.d0+en(k,0)*c0old(n)*ROOT2 s=0.d0 do m=n-1,k+1,-2 s=s+en(m,k)*sold(n,m) enddo do m=k-1,0,-2 s=s-en(k,m)*sold(n,m) enddo snew(n,k)=s*2.d0 enddo do k=2,n-1,2 c=0.d0 do m=n,k+1,-2 c=c+en(m,k)*cold(n,m) enddo do m=k-1,1,-2 c=c-en(k,m)*cold(n,m) enddo cnew(n,k)=c*2.d0 s=0.d0 do m=n-1,k+2,-2 s=s+en(m,k)*sold(n,m) enddo do m=k,2,-2 s=s+en(k,m)*sold(n,m) enddo snew(n,k)=s*2.d0 enddo endif enddo return; end as functions of θ and λ . All the obtained residuals were at the level of the double precision machine epsilon.
Thirdly, Table 11 examines the correctness of the recurrence formulas to compute E nkm and G km , namely Eqs. (26)- (28), (32), (34), and (35), by evaluating the differences between the both sides of them. All the results were literally zero. Thus, the formulas are proven for degrees and orders up to 10.
Finally, the validity of the decomposed transformation formulas, Eqs. (39)- (46), was examined by a Mathematica command sequence given in Table 12 . The sequence prints the difference between the both sides of the formulas numerically. All the outputs were practically equal to zero. This implies that the transformation formulas are correctly decomposed.
Numerical examination
Let us move to the numerical examination of the implemented program of the X-number computation. Table 1 already presented the correctness of the algorithm to compute E nkm for a specific combination of orders, k = 1024 and m = 512. In order to examine the dependency on the orders more thoroughly, we prepared Table 13 showing the results for randomly chosen degree and orders. These tables imply that the absolute errors of E nkm computed by the Xnumber formulation are at most 10 −15 and 10 −31 in the double and quadruple precision environment, respectively. These errors are roughly 10 and 1000 times the double and quadruple precision machine epsilons, 2 −53 ≈ 1.11 × 10 −16 and 2 −113 ≈ 9.63 × 10 −35 , respectively.
Finally, we prepared Table 14 illustrating the computing precision of the rotated spherical harmonic coefficients. The table was obtained by applying the quadruple precision version of xrotsh listed in Tables 7 and 8 to the model coefficients defined by Eq. (50) for some pairs of randomly chosen degrees and orders. The results indicate that the relative accuracy of the rotated spherical harmonic coefficients computed by the quadruple precision X-number formulation is 31-33 digits when n < 2200. The achieved accuracy is far more enough for the current and near-future demands.
Practical example
As a more practical example, we rotated the EGM2008, a spherical harmonic expansion model of the geopotential (Pavlis et al. 2012) , around the y-axis by 90 • and named it EGM2008R. Table 15 illustrates the excerpts of the coefficients of EGM2008R. All the digits presented here are consistent with those of EGM2008 since the coordinate rotation was executed by the quadruple precision X-number formulation of the new method. Table 9 Mathematica command sequence to confirm the correctness of Eqs. (15) and (16) Do [Print[Table[Plot3D[dU[n, m, xp, yp] The sequence numerically plots the residual of the transformation formulas with respect to the original angular coordinates. In the sequence, we renamed the angular coordinates such that (x, y) = (θ, λ), (xp, yp) = θ , λ , and (X, Y) = (Θ, Λ) for simplicity. Also we changed the symbol of the elementary values as F[n, k, m] = E nkm since the symbol E is reserved by Mathematica for expressing the base of the natural logarithm, e. Notice that (i) the Mathematica command LegendreP[n, m, t] returns the unnormalized associated Legendre function of degree n, order m, and argument t while including the Condon-Shortley phase factor, (−1) m , such that LegendreP[1, 1, t] = − √ 1 − t 2 , and (ii) the arguments of the Mathematica two-argument arctangent are reversely ordered such that ArcTan[x, y] = arctan(y/x). The function using the summation operation, Sum, with undefined parameters of the summation must be defined not directly as using '=' but by means of the delayed evaluation, ':=' Table 10 Mathematica command sequence to confirm implicitly the correctness of the transformation formula of the spherical harmonic coefficients, Eqs. (23) and (24) In the sequence, we tested the formula for a set of model harmonic coefficients, C nm = 1/ 1 + n 2 + m and S nm = (−1) n+m / 2 + n 2 + m . Also, we assumed the availability of some functions already defined in the sequence in Table 9 such Using the rotated geopotential model, EGM2008R, we conducted another numerical examination of the new method. More specifically speaking, on the reference spherical surface, we evaluated the gravity potential excluding the main term, which is unchanged by the coordinate rotation, by two methods: (i) the double precision X-number computation of the original form expressed as
where C nm and S nm are the coefficients of EGM2008 and (ii) the double precision X-number computation of the rotated form defined as
where C nm and S nm are the coefficients of EGM2008R while θ ≡ Θ (θ, λ) and λ ≡ Λ (θ, λ) are already defined in Eqs. (9) and (10), respectively. Actually, we obtained t ≡ cos θ , u ≡ sin θ , and λ as
respectively. Table 9 G In the sequence, we assumed the availability of F[n, k, m] and a few other quantities defined in the sequences in Tables 9 and 10 Refer to Fig. 2 plotting the difference between these two computed geopotential values, T (θ, λ) and T (θ, λ). The magnitude of T (θ, λ) is ≈ 10 −3 because the main term is excluded. In this sense, the observed differences amounting to 1.5 × 10 −17 at most are fairly small. If the main term being unity was added, these deviations would be embedded below the round-off noises since their absolute magnitude is more than 6 times smaller than the double precision machine epsilon. In fact, the observed noisy feature of the magnitude of around 2 × 10 −18 is found to be caused by the roundoff errors in the coordinate transformation of the angles, θ = Θ (θ, λ) and λ = Λ (θ, λ) .
A closer look up of the plot reveals that the differences are larger when (i) θ < 40 • , (ii) θ > 140 • , and (iii) |θ − 90 • | < 20 • . The first two features are caused by the errors of the computation by EGM2008 while the last one is resulted by 
Conclusion
We developed a numerical method to rotate the given spherical harmonic expansion around the y-axis by 90 • . The rotation is conducted by (i) multiplying matrices composed by special values of Wigner d-function with a few normalization constants, (ii) utilizing the symmetry relation of the matrix components, and (iii) decomposing the matrix multiplication into 6 cases depending on the value and parity of the matrix indices. The method is applicable to both the cases when the coefficients are (i) 4π fully normalized or (ii) Schmidt quasi-normalized. The overflow/underflow problems encountered during the recursive computation of the d-functions are effectively resolved by using the so-called X-number formulation.
As a practical illustration, we evaluated EGM2008R, the 2190 × 2190 coefficients of the EGM2008 after its rotation. It is of the same accuracy as the original EGM2008 since the rotation was conducted by the quadruple precision X-number formulation. A proper combination of the original and the rotated expansions will be useful in (i) integrating the polar orbits of artificial satellites and (ii) synthesizing/analyzing the gravitational/geomagnetic potentials and their derivatives in the high latitude regions including the arctic and antarctic area.
In fact, depending on the numerical values of the input rectangular coordinates, (x, y, z) , one may choose either (i) the standard polar coordinates with the z-axis as the pole, (r, θ, λ) , such that r = x 2 + y 2 + z 2 , θ = arcsin(z/r ), λ = atan2(y, x), (57) and use the original spherical harmonic expansion such as EGM2008, or (ii) the rotated polar coordinates with the xaxis as the pole, r, θ , λ , such that r = x 2 + y 2 + z 2 , θ = arcsin(x/r ), λ = atan2(y, −z),
and use the rotated spherical harmonic expansion such as EGM2008R. The branch point may be set as the parallels of the latitude 45 • north and south, namely when z = ±r/ √ 2. This approach minimizes the modification of the existing software and yet guarantees the precise computation of arbitrary spherical harmonic expansion all over the space.
The file containing EGM2008R is retrievable from the author's WEB site:
https://www.researchgate.net/profile/Toshio_Fukushima/
